The amount of non-unique sequence (non-singletons) in a genome directly affects the difficulty of read alignment to a reference assembly for high throughput-sequencing data. Although a greater length increases the chance for reads being uniquely mapped to the reference genome, a quantitative analysis of the influence of read lengths on mappability has been lacking. To address this question, we evaluate the k-mer distribution of the human reference genome. The k-mer frequency is determined for k ranging from 20 to 1000 basepairs.
Introduction
shorter than the "shortest unique substring" length, which is 11 in the human genome (40), singletons do not exist (i.e., p ns = 100%).
Visual inspection of the trend suggests the use of piecewise power-law function in fitting the data. We fit the points in k = 20-80 and k= 200-1000 ranges separately by linear regressions in the log-log scale: log 10 p ns = a + b log 10 k (or log p ns ∼ log k). The fitted (â,b) is (1.58366, -1.5478) and (-0.4371, -0.5495) for the two segments, equivalent to p ns = 38.34/k 1.548 and p ns = 0.365/k 0.55 . The steep decay in the first segment shows a stronger increase of the amount of uniquely mappable sequences with read length, which implies that obtaining read lengths of at least around 100 is more cost-efficient with respect to reducing the amount of nonmappable reads. Of course, longer reads have extra benefits such as more robust alignments in the presence of polymorphisms or the ability to determine the length of longer repeat polymorphisms. The power-law function also indicates that the reduction of non-specific, difficult-to-align reads with longer read length is not linear.
If we assume our fitting function can be extrapolated to larger k's for which a direct analysis of k-mer frequencies is restricted by computational constraints, the proportion of non-singleton reads can be predicted. For example, this leads to the prediction of a 0.2% non-singleton rate at the 10kb read length.
It is known that repetitive sequences such as transposable elements and heterochromatin sequences create considerable obstacle in NGS alignment (41) . Though transposable elements may exhibit subtle correlation with functional units in the genome (42), it is generally assumed that their biological role is indirect. Accordingly, we also looked at the non-singleton k-mer percentages in RepeatMasker filtered sequences ( Figure 1 ). As expected, the percentage of uniquely mappable sequence is much higher than that in the all-inclusive sequence for short k-mers (e.g. k < 100). Interestingly, the differences between the two disappear for longer kmers (e.g. k=500). A note of caution is that 89% of these RepeatMasker-filtered subsequences are shorter than 1kb, making the statistics less reliable at longer k's.
Maximum k-mer frequency decreases with k slowly
Another measure of the level of redundancy at length scale k is the maximum frequency (max(f )) of k-mer types. For example, base A/T homopolymers of length 20 appear most often with 898647 copies; at k=400, AT repeats have more copy numbers (f =150) than other 400-mers; the max(f ) for k=1000 is equal to 24 for a sequence which is not filtered by the RepeatMasker. The max(f ) as a function of k is shown in Figure 2 in log-log scale.
For RepeatMasker-filtered sequences, max(f ) quickly decays below 100 and then falls only slowly, indicating that RepeatMasker usually finds shorter repeats. At k= 200-500, the k-mer with the max(f ) ∼ 50 is a low-complexity sequence, with internal repeats of GGGGGGAACAGC-GACAC/GTGTCCGCTGTTCCCCCC. Despite its high prevalence, this low-complexity sequence is not masked by RepeatMasker in the human reference genome.
Fitting of the linear regression, log 10 max(f ) = a + b log 10 k (or log max(f ) ∼ log k), leads to (a, b)= (8.99, -2.62). Extrapolating this regression to longer k's predicts that at k=2724, max(f )=1. This prediction should be viewed with caution as max(f ) is mainly determined by "outlier" events thus un-reproducible in principle.
Frequency distributions at fixed k values exhibit power-law-like trend: The frequency distribution (FD) describes the distribution of k-mer types according their copy numbers in the genome. When plotted in log-log scale, low-frequent k-mer types and the less redundant portion of the sequence are highlighted. Figure 3 shows five FDs at k=30, 50, 150, 500, and 1000 in log-log scale. The FDs at k=30 and 50 span a wider frequency range, and the power-law trend is obvious.
A similar FD for k=40 in human genome was shown in (43, 44), and a slope of −2.3 in linear regression (in log-log scale) in the f = 3-500 range was reported. When we fit the k=50
FD by linear regression in log-log scale, a very similar fitting slope value is obtained (−2.38, for f = 3-200). However, it is clear from Figure 3 that the slopes are steeper for k=150 (−2.7 for f = 2-100), k=500 (−3.5 for f =2-40), and k=1000 (−5.3 for f = 2-19, or −5.9 from f = 2-9), indicating that the slope is not a universal parameter.
From the short read alignment perspective, the long tail at the high copy-numbers shows that many sequences cannot be uniquely mapped at smaller k values (e.g. k= 30, 50). However, the tail is much shortened at k=1000. As expected, the tail for RepeatMasker-filtered sequences at various k values are much shorter (Figure 3 , grey lines).
Rank-frequency distributions at fixed k values mostly follows a concave curve in log-log scale
Although rank-frequency distributions (RFD's) can be converted to cumulative FD (36), in log-log scale, it zooms in the high-frequency tail of the frequency distribution. For RFDs deviating from the Zipf's law, functions with two parameters may be used to account for the concave or convex shape of the curve in log-log scale (36) . We found that the quadratic logarithmic function, but not the Weibull function, fits the RFDs well ( Figure   5 ). The Beta rank function usually exhibit "S" shapes (39) , whereas the RFD in Figure 4 shows a "Z" shape. This motivated us to use a novel reverse Beta function to fit the data ( Figure 5 ). The "Z" shaped log-log RFD means that if the power-law function is the default functional relationship between frequency and rank, frequencies of the intermediately-ranked k-mers decrease faster than the two tails. The "S" shaped log-log RFD implies the opposite.
Mapping f ≥ 10 1000-mer to the reference genome For k=1000, there are 6107 k-mer types with frequency f larger or equal to 10. Due to the fact that these are overlapping k-mers, they are mapped to only 172 chromosomal regions, each of a few kb (the 172 locations, number of high-frequency 1000-mers, and the distance from the previous chromosome regions are included in Supplementary Table S1 ).
A total of 70 out of these 172 regions (or 40%) are clustered in four larger stretches on chromosomes 1 and X and contain long tandem repeats (60, 70 kbase on chromosome 1q21. 
DISCUSSION
Long k-mers in the reference genome as surrogate for sequencing reads: The k-mer distribution has many application in sequence analysis, such as measuring similarity between two genomes (56), correcting sequencing error (57), finding repeat structures (58), determining the feasibility of gene patents (59). In many applications, only short k-mers are considered to be relevant, such as k = 6 (60), k ≤ 7 (61), k=8 (62), k=11 (63). This paper essentially uses long k-mers taken from the reference genome as surrogate for reads from future NGS technologies. Computationally speaking, counting long k-mers is more challenging and we are not aware of any prior publications on the long k-mer distributions in the human genome for k as long as 1000.
As compared to other papers on mappability of genome sequencing reads (3, 5), our more theoretical approach has the advantage of being able to discuss long reads (e.g. k=1000) where such data is not available from the current NGS technology. Our approach also separates the two causes of the unmappability: one due to the unfinished sequence in the reference genome and another due to the redundancy in the finished sequences. The unfinished bases are mainly located in the centromeres, short arms of acrocentric chromosomes and other heterochromatic regions, and rich in repetitive sequences. If we always treat this unfinished sequences (total 234 Mbases) to be non-singletons regardless of k, p ns would flatten out around 0.1 (see Figure   1 ).
A baseline knowledge of redundancy of the human genome at length k level: Reference assembly is easier than de novo assembly, and our approach does not directly apply to de novo sequencing "assemblability". However the mappability in reference assembly and assemblability in de novo assembly are closely related, as repetitive sequences cause problems in both situations (64). The current de novo assemblies still do not perform consistently (65, 66) and a quantitative assessment of the impact of repetitive sequences on reference assembly could be a useful piece of information for de novo assembly as well. Note that some discussion on k-mer-based assembly actually refers to k ′ -mer (k ′ << k) (67, 68).
Highly redundant regions at k = 1000 level and copy-number-variation regions:
The chromosome 1 and X regions which we have identified by showing at least 10 copy numbers A well-known mechanism for CNV formation is the non-allelic homologous recombinations (NAHR) between repetitive elements (83) . More copies of a repetitive sequence give more opportunities that NAHR could occur, resulting in a natural connection between repetitive sequences and common CNV. The fact that simple counting of 1000-mer frequencies leads to CNV regions with medical implications indicates that understanding the k-mer distribution is an important part of genomic analyses.
Long-tails and the diminishing return of longer reads: Our analysis shows that all distributions discussed in this paper are better viewed in log-log scale, proving the existence of power-law distributions or long-tails. This has been observed in the past for other genomic distributions, such as correlation function (84-87), power spectrum of base composition (88) (89) (90) (91) , frequency distribution of gene or protein family size (92-95), sizes of ultraconserved regions (96) , and in models with duplications (97-100). Ongoing duplications increase the copy number geometrically, which explains the presence of long-tails.
A consequence of the long-tail in Figure 1 is that with increasing read (or k-mer) lengths, the proportion of reads that cannot be mapped to a unique genomic region (within the finished sequences) decreases algebraically, as compared to linearly or exponentially. Numerically, if not economically, this defines a diminishing return. To assess the economic return with NGS technology with longer reads, other factors should be considered, such as the choice of less redundant target regions such as exome (101), the choice of pair-end sequencing technologies (102) which effectively increases the read length (103) though the mappability may not necessarily improve over the single-end sequencing (4), and the overall cost of longer-read sequencing.
Anticipating the eventual high-quality human genome sequences obtained by a combination of various technologies, the k-mer distribution will be a prominent factor determining how these technologies are optimally combined.
SUPPLEMENTARY DATA
Supplementary Data are available at NAR online, including Supplementary Table S1: 172 chromosome locations with high-frequency (f ≥ 10) 1000-mers.
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